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Feynman Propagator for a System of Interacting Scalar Particles in the Fokker Theory
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A generalized canonical formulation of the theory of the electromagnetic Fokker interaction for
a system of two particles is proposed. The functional integral on the generalized phase space is
defined as the initial one in quantum theory. After integration over the momenta, the measure of
integration in the generalized configuration space of world particle lines is determined. The problem
of dynamic interpretation of the Feynman propagator for a system of particles with independent
proper time parameters is discussed. A modification of the propagator is proposed, in which the
role of independent time parameters is taken by the time coordinates of the particles in Minkowski
space.
I. INTRODUCTION
Wheeler and Feynman [1, 2] formulated classical elec-
trodynamics without the concept of electromagnetic field
in terms of the Fokker principle of least action [3]. For
the simplest system of two particles, the Fokker action
has the form (c = 1):
IF =
1
2
∫ S1
0
ds1
(
·
x
2
1 +m
2
1
)
+
1
2
∫ S2
0
ds2
(
·
x
2
2 +m
2
2
)
+e1e2
∫ S1
0
ds1
∫ S2
0
ds2δ
(
s212
) ·
x1x
′
2. (1)
Here, the world lines of particles are parametrized by the
intrinsic time of each particle, the dot and dash denote
the derivatives with respect to the corresponding time.
For definiteness, we consider the scattering problem and
assume that the boundary points of the particle trajec-
tories lie in the asymptotic regions of free motion. The
squares of the velocity vectors and their scalar product
are implied in the Minkowski space with the signature
(+.−,−,−). The same applies to the squared distance
between particles
s212 = (x1 (s1)− x2 (s2))
2
(2)
The Fokker action Eq.(1) contains two independent pa-
rameters of time, which excludes the usual Hamiltonian
form of the theory and the use of the usual rules of canon-
ical quantization. This was partly an incentive for the
development of a new formulation of quantum mechan-
ics in terms of the functional integral [4]. This formula-
tion turned out to be useful, in particular, in the case of
systems with a nonlocal in time interaction potential [5].
However, for the Fokker action Eq.(1), quantum theory
in terms of the functional integral was not formulated.
There are two reasons for this. The first is the uncer-
tainty of the integration measure in the space of world
particle lines. This issue is considered in this paper. In
∗ alex.lukyan@mail.ru
the framework of the generalized canonical formulation
of the Fokker theory, a representation of the Feynman
propagator for a system of interacting particles will be
obtained. The second reason is common to relativistic
quantum mechanics: the Feynman propagator has no dy-
namic meaning, since the proper time of particles is not
an observable parameter. This issue requires a separate
consideration. For ordinary systems with a local interac-
tion potential, there is a canonical representation, and it
is the initial one in the definition of the functional integral
in the phase space for the kernel of the evolution operator
- the solution of the Schro¨dinger equation [6]. From it,
after integration over the momenta, we obtain the Feyn-
man integral in the configuration space. The canonical
form of action Eq.(1) is also desirable for determining
the functional integral. Despite the multi-temporal na-
ture of dynamics in the Fokker theory, it admits a gener-
alized canonical formulation in which the world lines of
particles as a whole serve as canonical coordinates [7, 8].
In this paper, a variant of such a generalization is con-
sidered. Based on it, the functional integral on the gener-
alized phase space is determined, which, after integration
over the momenta, becomes the functional integral on the
configuration space of world particle lines with a certain
measure. The construction of the Fokker quantum the-
ory is being completed by integrating particles in their
own time. In the case of a single particle, the integral of
the kernel of the evolution operator over its proper time
is a representation of the Green function of the Dirac
and Klein-Gordon operators, i.e. the Feynman propaga-
tor [9, 10]. The result of multiple Fock-Schwinger inte-
gration (FS) in the Fokker theory will also be called the
Feynman propagator. However, the Feynman propagator
itself does not describe the evolution of the system, but
is a skeletal element of the diagram technique in pertur-
bation theory [11]. To introduce the physical parameters
of time and the dynamic interpretation of the Feynman
propagator, a modification of the Fokker theory at the
classical level is required, similar to that considered in
the case of a single relativistic particle in [12].
The next section proposes a generalized canonical for-
malism for multitemporal dinamic theory and defines the
2Feynman propagator in the Fokker theory. In the third
section, a modification of the Feynman propagator is pro-
posed, allowing its dynamic interpretation.
II. GENERALIZED CANONICAL
REPRESENTATION AND QUANTIZATION OF
FOKKER THEORY
In the absence of the Lagrange function, we consider
action Eq.(1) as the velocity
·
x1µ (s1) , x
′
2ν (s2) functional,
which should now be considered as an infinite set of quan-
tities, also numbered by the particle’s own time, and we
define canonical momenta as variational derivatives:
p1µ (s1) =
δIF
δ
·
x
µ
1 (s1)
=
·
x1µ (s1)
+e1e2
∫ S2
0
ds2δ
(
s212
)
x′2µ (s2) , (3)
p2ν (s2) =
δIF
δx′ν2 (s2)
= x′2ν (s2)
+e1e2
∫ S1
0
ds1δ
(
s212
) ·
x1ν (s1) . (4)
Next, we act in a standard way. We introduce the
generalized Hamiltonian functional HF [p1, x1, p2, x2] by
means of the generalized Legendre transform:
HF [p1, x1, p2, x2] =
∫ S1
0
ds1p1µ (s1)
·
x
µ
1 (s1)
+
∫ S2
0
ds2p2ν (s2)x
′ν
2 (s2)
−IF
[
·
x1, x1, x
′
2, x2
]
, (5)
where velocities should also be excluded by solving
Eqs.(3) and (4). The solution can be written in the form
of series of perturbation theory:
·
x1µ (s1) = p1µ (s1)− e1e2
∫ S2
0
ds2δ
(
s212
)
p2µ (s2) + ...,
(6)
x′2ν (s2) = p2ν (s2)− e1e2
∫ S1
0
ds1δ
(
s212
)
p1ν (s1) + ....
(7)
Substituting Eqs. (6) and (7) into Eq.(5), we obtain
the generalized Hamilton functional in the form of a
quadratic form of generalized momenta:
HF [p1, x1, p2, x2]
=
∑
α,β=1,2
∫ Sα
0
dsα
∫ Sβ
0
dsβMαµβν (sα, sβ)
×pαµ (sα) pβν (sβ)−m21S1 −m22S2, (8)
where Mαµβν (sα, sβ) are the matrix entries that are
series composed of multiple integrals of the products
δ
(
s2αβ
)
. They are explicitly contained in the equations
for the generalized canonical momenta Eqs. (6) and (7)
that follow from the generalized canonical form of the
Fokker action,
I˜F [p1, x1, p2, x2] =
∫ S1
0
ds1p1µ (s1)
·
x
µ
1 (s1)
+
∫ S2
0
ds2p2ν (s2)x
′ν
2 (s2)
−HF [p1, x1, p2, x2] . (9)
It is in this form the Fokker action is taken as the basis
for constructing the functional integral on the general-
ized phase space, which determines the evolution of the
system in terms of the particle’s proper time:
K (S1, S2)
=
∫
dp1out
2pih¯
∏
s1,µ
dp1µdx1µ
2pih¯
dp2out
2pih¯
∏
s2,ν
dp2νdx2ν
2pih¯
× exp
{
i
h¯
I˜F [p1, x1, p2, x2]
}
. (10)
Gaussian momentum integrals are easily calculated, and
we arrive at a functional integral on the configuration
space with the initial Fokker action:
K (S1, S2) =
∫ ∏
s1,µ
dx1µ
∏
s2,ν
dx2ν
1√
detM
× exp
{
i
h¯
IF
[
·
x1, x1, x
′
2, x2
]}
. (11)
Thus, a measure of functional integration in the con-
figuration space of particle trajectories is defined. This
integral can be made convenient for calculations in the
framework of perturbation theory by introducing the de-
terminant of the inverse matrix A = M−1,
√
detA =
1√
detM
, (12)
and take into account that it is determined by the coef-
ficients of Eqs.(3) and (4). Then, for the determinant,
we obtain the integral representation using Grassmann
variables [6]:
detA =
∫ ∏
s1,µ
dχ∗1µdχ1µ
2pi
∏
s2,ν
dχ∗2νdχ2ν
2pi
× exp
[∫ S1
0
ds1χ
∗
1χ1 +
∫ S2
0
ds2χ
∗
2χ2
+e1e2
∫ S1
0
ds1
∫ S2
0
ds2δ
(
s212
)
× (χ∗1χ2 + χ∗2χ1)] . (13)
The functional integral Eq. (11) is a function of the
boundary points of the world lines of particles at ex-
treme times: K (S1, x1out, 0, x1inS2, x2out, 0, x2in). Now
3it is necessary to make the next step that will complicate
the dynamic interpretation of the Fokker quantum the-
ory. Since the internal time of particles in quantum the-
ory is considered unobservable, we obtain the covariant
Feynman propagator by integrating the FS along these
parameters:
K (x1out, x1in;x2out, x2in) =
∫
∞
0
dS1
∫
∞
0
dS2K (S1, S2) .
(14)
In the absence of interaction, propagator Eq.(14) is re-
duced to the product of ordinary Feynman propagators
of scalar particles.
III. MODIFIED FEYNMAN PROPAGATOR OF
FOKKER THEORY
Having thus determined the covariant Feynman prop-
agator in the Fokker quantum theory, one should think
about its dynamic interpretation. This will require its
modification. According to [12], the modification of the
action is carried out at the classical level: its variation,
generated by the infinitesimal shift of the proper time in
the coordinates x10 (s1) , x20 (s2) of Minkowski space,
δx10 =
·
x10ε1, δx20 = x
′
20ε2. (15)
is added to it. One can show that, by analogy with [12],
the modified Feynman propagator for interacting charges
in the Fokker theory has the form:
K˜ (P1out, x1out, P1in, x1in;P2out, x2out, P2in, x2in)
=
∫
∞
0
dS1
∫
∞
0
dS2
∫ ∏
s1,k
dx1k
∏
s2,l
dx2l
∏
s1
dP1
∏
s2
dP2
×
√
det A˜
∏
s1
δ
(
·
x10 −
√
2P1
)∏
s2
δ
(
x′20 −
√
2P2
)
×
∏
s1
δ
(
·
P 1 +
√
2P1
·
x1kF1k
)
×
∏
s2
δ
(
P ′2 −
√
2P2x
′
2lF2l
)
× exp
{
i
h¯
I˜F
[
·
x1, x1, P1, x
′
2, x2, P2
]}
. (16)
Here P1, P2 are the self-energies of the particles, and
F1k = 2e1e2
∫
∞
0
dS2
d
ds212
δ
(
s212
)
× [(x10 − x20)x′2k − (x1k − x2k) x′20] , (17)
F2l = 2e1e2
∫
∞
0
dS1
d
ds212
δ
(
s212
)
×
[
(x10 − x20)
·
x1l − (x1k − x2k)
·
x10
]
(18)
are forces acting on each particle,
I˜F
[
·
x1, x1, P1, x
′
2, x2, P2
]
=
1
2
∫ S1
0
ds1
(
2P1 −
·
x
2
1k +m
2
1
)
+
1
2
∫ S2
0
ds2
(
2P2 −
·
x
2
2l +m
2
2
)
+e1e2
∫ S1
0
ds1
∫ S2
0
ds2δ
(
s212
)
×
[√
2P12P2 −
·
x1kx
′
2k
]
(19)
is a modified Fokker action, and
det A˜ =
∫ ∏
s1,k
dχ∗1kdχ1k
2pi
∏
s2,l
dχ∗2ldχ2l
2pi
× exp
[∫ S1
0
ds1χ
∗
1kχ1k +
∫ S2
0
ds2χ
∗
2lχ2l
+e1e2
∫ S1
0
ds1
∫ S2
0
ds2δ
(
s212
)
× (χ∗1kχ2k + χ∗2kχ1k)] (20)
is a measure of integration in the space of particle tra-
jectories. Here we turned to three-dimensional notation.
The presence of δ-functions in the functional integral
Eq. (16) makes it possible to remove the FS integration
over the particle proper time after solving the classical
equations of motion for (x10, P1) and (x20, P2). In this
case, the role of time for each particle, as one would
expect, is assumed by their x10, x20 - coordinates in
Minkowski space, and the self-energies of particles P1, P2
are additional observables.
IV. CONCLUSIONS
Relativistic quantum mechanics of a long-range inter-
action particle system is formulated in terms of a func-
tional integral on the generalized phase space of world
lines parameterized by the particle’s proper time. The
covariance of quantum theory is ensured by integration
over the parameters of proper time in the Feynman prop-
agator. A dynamic interpretation of the covariant quan-
tum theory can be achieved by a modification of Fokker
theory at the classical level. This modification does not
change the dynamic content of the classical theory, but
allows to remove the integration over proper time of par-
ticles in the Feynman propagator. As a result, the role
of independent time parameters is taken by the x10, x20
coordinates of the particles in Minkowski space.
V. ACKNOWLEDGEMENTS
We thank V.A. Franke for useful discussions.
4[1] R. P. Feynman and J. A. Wheeler, Rev. Mod. Phys. 17,
157 (1945).
[2] R. P. Feynman and J. A. Wheeler, Rev. Mod. Phys. 21,
425 (1949).
[3] A. D. Fokker, Z. Phys. 58, 386 (1929).
[4] R. P. Feynman, The Development of the Space-Time
View of QuantumElectrodynamics, Nobel Lecture, De-
cember 11, 1965. Preprint les PrixNobel en 1965. The
Nobel Foundation. Stockholm, 1966.
[5] R.P. Feynman and A. R. Hibbs, QuantumMechanics and
Path Integrals,McGraw-Hill, New-York, (1965).
[6] L. D. Faddeev and A. A. Slavnov, Gauge fields: An intro-
duction to quantum theory, Westview Press, 2d edition,
236 (1993).
[7] X. Jaen, R. Jauregui, J. Llosa, and A. Molina, Phys. Rev.
D 36, 2385 (1987).
[8] X. Jaen, R. Jauregui, a) J. Llosa, and A. Molina, J. Math.
Phys. 30 (12) 2807-2814 (1989).
[9] V.A. Fock, Izv. Acad. Nauk SSSR, 551 (1937).
[10] J. Schwinger, On gauge invariance and vacuum polariza-
tion, Phys. Rev. 82. N 5, 664–679 (1951).
[11] James D.Bjorken, Sidney D.Drell, Relativistic quantum
fields, Mc Graw-Hill Book Company (1978).
[12] Natalia Gorobey1 and Alexander Lukyanenko, arXiv:
2001.09003v1 [gr-qc] 22 Jan 2020.
